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ABSTRACT 
An approximation is given for the Bessel function Jr(x), with real v, based on the application of  
a quasi-gaussian (i.e. gaussian with preassigned nodes in -1 and + 1) quadrature formula to the 
integral representation 
1 
Jr(x) = ~/~- r (v+l )  S_11 (1 - t2 )  v 2 cosxtdt .  
In the case of  integer values of  v, we compare our results with the approximation obtained by 
applying the trapezoidal rule to the representation 
Jn(X) = ~ cos (x sin0 - n0) dO. 
Graphs show the results. 
1. 
Several methods are available to compute the Bessd 
function of the first kind Jr(x), most of them refer- 
ring to the case v = n, with integer n. In particular, 
among the latter, there is one based on the applica- 
tion of a quadrature ule to an integral representation 
Of Jn(x) ([31, [41, [71, [9], [101, [12], [13]). 
Fettis ([3], [4]) has first applied the trapezoidal rule 
to the integral representation ([12]) 
Jn(Z) = (~-~n fo  eiZ c°s t cos (nt) at (1.1) 
to compute J0(x) and he has derived the simple ap- 
proximation formula 
m klr Jo(x)~ 1 Z cos(xcos ), (1.2) 
m k=O m 
where m is the number of subintervals. 
His resuks are satisfactory indeed and the efficiency 
of the formula has been justified by the fact that the 
trapezoidal rule had been applied to a periodic func- 
tion ([11], [121, [131). 
Furthermore, Fettis has also considered the possibility 
of evaluating the integral in the representation (1.1) 
by the rectangular rule, which gives 
Jo(x ) _~ 1 m 2k- 1 rt), (1.3) - m k ~ cos(xcos =1 2m 
where m is the number of nodes, and has noticed that 
approximations (1.2) and (1.3) are almost equivalent. 
Looking for a general approximation OfJn(x), valid 
for any integer order, Stroud and KShli ([14]) have 
considered the integral representation 
1 f 0 Jn(X) = -~- cos (x sin0 - nO) dO, (1.4) 
with integer n, and have found that the (k + 1)-trape- 
zoidal rule provides greater accuracy inevaluating (1.4) 
than any of the following three methods, with the 
same number of points :
a) Gauss-Legendre formula, 
b) Simpson's rule, 
c) Romberg formula. 
Now, our purpose is to give a more general method for 
the computation ofJv(x ) for any real v. 
To this aim, we consider another integral representa- 
tion 
V 
(x) I 
"-('1 (1 - t2)v-1/2cos xt dt, 
Jr(x)- (. + (1.5) 
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with Re v > -1/2; since trapezoidal rule is useless in 
this case, we consider other quadrature rules for 
evaluating the integral in (1.5). 
2. 
Let us consider the quasi-gaussian formula ([6]) 
f~l 1(1-x2) v-1/2 f(x)dx = Am[f(-1 ) + f(1)] 
m 
+ 2; i f(Xm,i) + i=1 hm' Rm[f] (2.1) 
and the Gauss rule 
1 m 
f--1 (1 - x 2) v-1/2 f (x) dx = i =~1 Hm'if(xm,i) + P'm If]" 
(2.2) 
When applied to (1.5), in the case v = 0, they reduce 
respectively to the trapezoidal rule (1.2) and to rec- 
tangular ule (1.3) ; hence they seem to offer the 
natural extensions of the approximations success- 
fully experimented by Fettis for the function J0(x). 
In our opinion both formulae (2.1) and (2.2) are to 
be preferred to the trapezoidal rule considered by 
Stroud and K6hli for formula (1.4) (to which we 
simply refer in the following as to the "trapezoidal 
rule") not only because of their generality (they hold 
for any real v), but also for other reasons, such as : 
i) since application of (k + 1)-point rapezoidal rule 
to (1.4) gives 
k-1 
Jn(X) = ~k [1+ (-1)n + 2 Z cos(x "sm-~-iZr-m-~-)]'Ir 
i=1 
where the sum may be written as 
[(k-1)/21 
2 Y. sin(x sin kJ)Sin ~ j + b, for odd n, 
j= l  
(2.3) 
(2.4) 
or  
2[(k~)/2] cos(x sin ~j)cos~-~-j + b, for even n, 
j=l (2.5) 
with 
f b = 0 , odd k, 
b = cos(x --~-),nlr even k, 
then (k + 1)-point trapezoidal rule provides the same 
approximate value for (-1)r J2 k_r(x) as for Jr(X), so 
that the approximation for Jr(X ) is not good when 
r ~ k and one needs a large number of nodes to com- 
pute Jr(x), when r is large (see [3], [4] for further 
details); 
ii) for large n, formulae (2.1) and (2.2) approximate 
Jn(x) in a wider range of n and x, than the trapezoidal 
rule applied with the same number of nodes (see sec- 
tion 4). 
The quasi-gaussian formula (2.1) is as accurate as the 
gaussian (2.2) but it allows a good approximation to 
Jr(x) even with a very low number of nodes and very 
simple calculations. 
For example, with m = 5 nodes, the quasi-gaussian 
formula computes Jr(x), for small x, with an absolute 
error le] ,~ 10 .9 and requires the zeros of P~V+ 1) (x ) '  
whose calculation reduces immediately to the solution 
of a second degree algebraic equation, while a gaussian 
formula with the same number of nodes requires the 
zeros of the polynomial p~V)' (x). 
Application of (2.1), the one we study in particular 
here, may be interesting when one needs a formula 
with a relatively low number of nodes. 
In the following sections we derive an approximation 
formula by applying (2.1) and describe the tests per- 
formed on its efficiency. 
Some results of such tests are summarized in graphs, 
which provide information about the number of exact 
significant digits obtained in approximating Jr(x) by 
(1.3) and by the trapezoidal rule (when this is possible) 
for x ~ (1,40), v being an integer or a real value. 
. 
Consider formula (2.1) whose degree of exactness i
2m+1.  
The nodes Xm, i (i= 1, 2 ..... m) are the zeros of the 
ultraspherical polynomial p~+l)  (x);the weights hm, i
(i = 1,2 ... . .  m) are obtained from the weights Hm, i 
of the gaussian formula 
f_11(1 - x2)V-1/2 f(x) dx = i~lHm, if (Xm, i) + P-m [f] 
through the relation ([6]) 
1 i= 1,2,... m. hm, i= Hm, i 2 ' 
1 - Xm, i 
Formula (2.1), when applied to (1.5), becomes 
V 
Jr(x) =x/~P(v+ 1/2) 
+ R m [Jr(x)] (3.1) 
where ([15], (15.3.2.)) 
hm, i=(m+l+2v)(m+2u) Ira-1 + 2v) (1+ 2v) 
m m-1  .... 1 
x/lrv P(v+ 1 /2) [ (1 -x2 , i )P  (v  ~xd Pm(V+l)(xm,i)]-2 
for i= 1,2 .... ,m, and 
2A= ~/~ P(v+l/2) m 
_ Y~ hm, i;  v r(v) i=l 
m 
[2Acosx+ E h m icos(X.Xm,i)] 
i=1 ' 
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hence, by substitution one gets 
/2 
(2) 
Jv(X)-  P(v + 1) ([1-(m+l+2v)(m+2V)m ( -l+2V)m_l 
( l+2v) .  ~ [ ( l_x2,i)  jd_d_ p (mY + 1) (Xm,i)l-2] cos x 
"'" 1 i=lt. ax 
+ (m+l+2v) (m+2v)  
m 
(m- l+2v)  (1+2v) m 2 d (v+l) -2 
• m-1  "'" 1 i--Zl[ (1-Xm~)~xx Pm (Xm, i)] 
• cos (x. Xm,i)} + Rm[Jv(x)],  (3.2) 
and in particular, for v = 0 
Jo (x )=~+l  1 [cos x + 2 [m~2] cos (x cos i 7r 1)1, 
i= l  m+ 
which is the trapezoidal rule applied by Fettis. 
4.  
We have computed Jr(x), for v = n integer, by a m- 
point quasi-gaussian formula and by the (k + 1)-point 
trapezoidal rule for the values 
1<n<27 
1<x<40 
with 
m = 8, 12, 16, 20, 24, 28 
k + 1 = 10, 14, 18, 22, 26, 30. 
We have drawn graphs which provide information 
about the number of  exact significant digits obtained 
in the two cases and compared them. 
We only give some examples of such graphs. 
Firstly we observe that, for small n, the trapezoidal 
rule in general is better, sometimes equivalent to 
formuh (2.2) (see, for example, fig. 1, which refers 
to J l (x)) .  But, as n increases, the trapezoidal rule 
turns out to be less accurate than formula (2.2), at 
least for m = 8 .. . . .  20 and k +1 = 10 .... ,22 (see fig. 2 
referring to J9(x)). In fact, for n ~ 9, the trapezoidal 
rule has two main disadvantages : 
a) for small x, it becomes less and less accurate as n 
increases; 
b) for any x, as n increases, the approximation be- 
comes less and less satisfactory until no exact 
significant digit is left. 
For small n, this happens only for a low number of 
nodes (k + 1); but, as n increases, this happens for high 
values of (k + 1) too (see fig. 2, 3, 4, which refer to 
J9(x), J14(x) and J25(x) respectively). 
Fig. 2 shows that the 10-point trapezoidal rule doesn't 
provide any exact significant digit and that a 14.point 
rule is needed to get some meaningful approximation 
for x ~ (1,10). On the other hand, the same picture 
shows that it is sufficient o take m = 8 in formuh 
(2~2) to obtain from 15 to 4 exact significant digits 
when x ~ (1,10). Finally, the 30-point trapezoidal 
rule doesn't give more than 8 exact significant digits 
in x = 1, even if the approximation is satisfactory on 
the whole interval (1,30). 
Fig. 4 shows that, for any value of (k + 1), the trape- 
zoidal rule provides no exact significant digits, while 
formula (2.2) with m = 8 gives from 15 to 1 exact 
significant digits when x e (1,20). Formula (2.2) with 
m = 20 approximates J25(x), for x ~ (1,40), the num- 
ber o f  exact significant digits being decreasing through 
the interval from 15 to 1. 
In general, the analysis of  the graphs suggests that 
formula (2.2) with small m is suitable whatever is n 
when a function value for a small x is required, while 
greater values of m are preferable when x is Large and 
must be avoided when x is small. 
For real v, tests have been done for the following 
values 
v = _+ 1/4, -+ 1/3, 3/4, 2/3, 
and for x~ (1,40) and m = 8, 12, 16, 20, 24. 
The results of those numerical experiments suggest 
that it is suitable to use a low number of  nodes when 
x is small. For example, 16 nodes are sufficient o com- 
pute J_ l /3(x) with at least 9 exact significant digits 
when x ~ (1,15) (see fig. 5), but 24 nodes are required 
for any Jr(x), if x ~ 30. 
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